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NOMENCLATURE 2. BASIC EQUATIONS AND SOLUTIONS 

thermal diffusivity ; The boundary layer form of the conservation equations 
constant defined by equation (11); which govern the unsteady laminar free convection on a 
specific heat; vertical flat plate is written below. 
acceleration due to gravity; 
Grashof number, sgx3/v2; 
Grashof number, sgxs/vL; 
Nusselt number, ax/L; 
Nusselt number, ax/l, ; 
Prandtl number, v/a; 
absolute temperature; 
time; 

ap apu apv 
;i;+x+-=Q 

ay 

velocity in x-direction; 
velocity defined by equation (10); 
maximum velocity in x-direction; 
at x = constant plane; 
velocity in y-direction; 
distance from leading edge along a plate; 
normal distance from a plate; 
reference temperature. 

The equations which express properties of the temperature- 
dependent property fluid such as air are approximately 

Greek symbols 
heat-transfer coefficient; 
boundary-layer thickness; 

dimensionless temperature, 
(T- T,)/(L- L); 
thermal conductivity; 
dynamic viscosity; 
density; 
constant. 

Subscripts 
w, wall surface ; 
co, ambient condition. 

1. INTRODUCTION 

THE TRANSIENT free convection from a vertical flat plate 
which is suddenly raised to a uniform higher temperature was 
analysed by many investigators, for the reason that it is the 
fundamental problem of unsteady free convection. 

But it seems that there is no analysis on unsteady free 
convection taking the temperature-dependent property fluid 
into account. In this report, the integral method which was 
used by Siegel [l] for constant property case has been 
extended to the form including the variable property effects. 

C, = const. (6) 

The velocity and temperature profiles in the boundary layer 
are assumed satisfying the following boundary conditions in 
accordance with Karman-Pohlhausen method. 

y=o; f?=l,b ide =I& u=o, ( > ay ay (7) 

y=d; QcaO a2e _=_= 

ay ay2 
0 

3 
au ah (8) 

u=-=_-_oo. 
ay a$ 

Then, each profile is given by 

6 = l+bq-(6+3b)tj2+(8+3b)q3-(3+b)rf’, (9) 

u = u,v(l -rl)39 (10) 

l/Z 

>I (11) 

The conservation equations (2) and (3) can be integrated and 
become 

=$(8+b)gb,-Pra,(z+1)“-L~, (12) 
* 

ba,(e+ l)‘u-’ =- 
6, 

(13) 
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These equations are hyperbolic in type and hence a solution 
can be found by utilizing the method of characteristics. 

Letting I + and I_ designate the two families of characteris- 
tics, we have 

dx 5 
-=-a, 
dt 63 (14) 

Equations (12) and (13) can be solved without dilhculty in the 
pure conduction region at sufficiently short period and in the 
steady state region at sufficiently long period after the sudden 
variation of the wall temperature. 

The limits of these regions on the x - t plane are determined 
by integrating equation (14) by use of a, in each correspond- 
ing simple analytical solution. 

1. The solutions in the initial one-dimensional 
transientpow development 

For sufficiently short period, the time dependent solutions 
of the one-dimensional case of equations (12) and (13) are 
given by 

( - lob 

> 

i/z 
s, = 2 -g-&l+e)“-’ (a,tPZ, (15) 

-2b(8+b) 

” = -3b+Pr(8+b)gef’ (16) 

The time at which purely one-dimensional heat conduction is 
terminated for each position along the plate is determined by 
the integration of I, in equation (14) with resultant ur in 
equation (16), and given by 

(17) 

2. 7he solutions in the steady state at suficiently long 
period after the sudden variation of wall temperature 

The solution is dependent on x only in this region and given 
by 

6 
* 

= 4480(s+1)‘“-2 

{ 

. -b[-lOb+3Pr(15+26)] 1’4 
Pr’ (15-26)*(8+b) I 

x Gr;,‘t4 . x, (18) 
504 “2 

(I( 

- b(8 + b)sgx I,2 
u,= - 

5 ) - lOb+3Pr(l5+2b) ’ (19) 

The time which is required to reach steady state is found by 
integrating I_ in equation (14) with resultant u, in equation 
(19) and then written 

3. Characteristics of initial one-dimensionul pure 
conduction regime 

3.1. In the local Nusselt number : 
0-L 

Nu,, =w(-b@+b)Pr)“* l/2 -l/2 

Gr$’ 2JTii 1 , 
we have for constant property, 

(20) 

(21) 

(22) 

When Pr = 1, the dilference of heat-transfer coefficient ob- 
tained from equation (22) and Schetz’s [3] exact solution is 
3%. 

Pr - 0.733 

-- Sehetz and Eichhorn t31 

- Prewnt solution 

FIG. 1. The effects of variable properties on dimensionless 
temperature profiles during initial one-dimensional transient 

flow development. 

3.2. In the maximum velocity 

27 -b(8+6) 

(:x7/* =128’ -3b+Pr(8+b)’ (23) 

we have for constant property, 

y = e--,0. (24) 

When Pr = 1, maximum velocity derived from equation (24) 
is greater than Schetx’s [3] exact solution about 4%. 

4. Characteristics of steady state 
4.1 In the local Nusselt number; 

Na,, 
cr:/,‘= -b 

1 

Pr*(l +e)2m-2 

4480 

(15+2b)*(8+b) 

’ -b[-106+3Pr(15+2b)] 

we have for constant property, 

(25) 

Nux 363Pr2 1 
l/4 Gr:‘4=2 4480(20+ 33Pr) 

, as E + 0. (26) 

When Pr = 0.733, the difference of R.H.S. of equation (26) and 
the corresponding value of Ostrach’s [4] exact solution is less’ 
than 1.5%. 

4.2. In the maximum velocity; 

umax 81 - 14b(8 + b) 10 

(egx)“* 
=-. 

( 128 5[-lOb+3Pr(15+26)] > ’ (27) 

we have for constant property, 

~=$(5(zo~33pr))L’2p as c-+0. (28) 

When Pr = 0.733, the difference of maximum velocity ob- 
tained from equation (28) and Ostrach’s [4] exact solution is 
about 1.8%. 

5. Reference temperature 
The temperature to which fluid properties are referred in 

constant property formula (22) may be determined by giving 
the minimum difference of heat-transfer coefficient derived 
from equation (22) and variable property formula (21). Then, 
this reference temperature is given by 

Tr = T, +0.78(T,- T,), (29) 
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Pr =0.733 

-- Ostroch C41 

- Present solution 

FIG. 2. The effects of variable properties on dimensionless 
temperature profiles for steady state. 

for Pr = 0.733, w = 0.76. If the fluid properties referred to the 
temperature given by equation (29) are used in equation (22), 
the difference of heat-transfer coefficient derived from (21) and 
(22) is less than 0.1% for E which is in between -0.55 and 3. 
Similarly, for steady state heat-transfer coefficient derived 
from equation (26) the reference temperature is given by 

Tr= r,+0.73(TW-T,), 
for -0.3 < E < 3, (30) 

Pr = 0.70,~ = 0.75. 

3. NUMERICAL RESULTS 

Numerical results have been obtained for air (Pr = 0.733, 
w = 0.76). The temperature profiles for various E in the initial 
transient and steady state are given in Fig. 1 and Fig. 2. In 
these figures the results of the more exact constant property 
solutions are expressed by broken lines for the comparison. 
The effects of the variable fluid properties on the transient and 
steady-state Nusseh numbers are illustrated in Fig. 3. 

l.O- 

Pr = 0.733 

-- Hallurns and Churchill C51 

c =o.o 

o.e- 

-Present so1ut1on 
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FIG. 3. The effects of variable fluid properties on transient 
Nusselt numbers. 

The limits of the regions for initial pure conduction and 
steady state taking place are also shown in Fig. 3, but the effect 
of variable fluid properties on these limits is too small to 
distinguish in this figure. Local Nusselt number at end ofpure 
conduction together with its time for constant property case 
taken from Nanbu’s more exact solution [2] is shown in Fig. 3 
for the comparison. The ratio of steady state heat-transfer 
coefficient obtained from constant property formula (26) and 
variable property formula (25) for various reference tempera- 
ture in the constant property formula is shown in Fig. 4 
together with the results from Sparrow’s more exact solution 
[7] expressed by broken lines. It seems that the results of this 
approximate method are more accurate for steady state than 
initial transient free convection. But it might be inferred by 
Goodman’s comparison [8] that present method gives the 
reasonable approximation also for the variable fluid property 
effects on initial transient free convection. 

T, + 0.73 (T,-T, 1 

- Present solution 

1 I I I I 1 
0 0.5 I.0 1.5 20 2.5 

c 

FIG. 4. The ratios of the steady-state heat-transfer coefficient obtained from the variable property formula to 
the constant property formula at various temperature. 
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4. CONCLUSION 

The following might be concluded: 
1. Present results give the reasonable approximation for 

the variable fluid property effects on the initial transient and 
steady-state free convection. 

2. 

3. 

2. The simple analytical expressions of the free convection 
characteristics have heen obtained. 

3. The time required for purely one-dimensional heat 
conduction being terminated and the time required to reach 
steady-state are hardly influenced by the effects of the variable 
fluid properties. 

4. 

5. 

4. Present method might be able to be improved its , 
accuracy and adaptability by using more accurate form of the 6. 
profiles and expressions of variable properties. 
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INTRODUCTION 

A VAST amount of literature has been published describing 
both the experiments involving nucleate boiling of pure 
liquids and the elucidation of the heat-transfer mechanism for 
this boiling process from theory. Relatively little data have 
been collected for binary liquids and the dominant theoretical 
contributions in this area have been made by Van Stralen and 
his coworkers [l]. The study of binary systems is of potential 
industrial importance since a number of workers have 
demonstrated that the introduction of a small amount of a 
second component such as ethanol, I-butanol etc. to water 
results in an increase in nucleate boiling heat transfer by as 
much as 400% [2-41. Very recently Ponter er trl. [5] showed 
for surface tension positive systems that the heat flux vs 
concentration relationship exhibited a strong maximum 
which coincided with a maximum in the contact angle 
measured under boiling conditions and obtained when the 
vapor and surrounding liquid were of the same composition 
and not in equilibrium. To obtain more information on the 
state of the bubble forming under boiling conditions an 
experimental program was undertaken to examine the sound 
emissions using a technique similar to that described by 
Ponter and Haigh previously [6]. 

EXPERIMEV Al. 

The liquid systems examined were water, aqueous ethanol 
mixtures, aqueous lauryl alcohol mixtures and dilute sodium 
lauryl sulphate solutions. The simple pool boiling apparatus 
was constructed in which boiling was induced on the surface 
of a platinum wire immersed in a quiescent pool of water by 

the passage of an electric current (DC). Details of the electric 
circuit are similar to those described previously by Haigh and 
Ponter [7]. The boiling sounds were detected by a Brtiel and 
Kjaer hydrophone-type 81OO-containing a lead zirconate 
pressure transducer having a flat frequency response charac- 
teristic over a large frequency range. The hydrophone was 
immersed in the water and positioned at the same depth as the 
wire. The signal from the hydrophone was fed to a Briiel and 
Kjaer-type 2120-frequency analyzer which scanned auto- 
matically from 2 to 20 KHz. The analyzer was coupled to a 
Brtiel and Kjaer-type 2305-logarithmic recorder by a 
flexible drive from the recorder motor so that coincidence 
between the analyser frequency and the recorder chart 
calibration resulted. The measuring amplifier-type 2626 
were used to simultaneously record the intensity of sound 
against the frequency on precdlibrdted paper. Data were 
collected for a fixed constant bulk liquid subcooling of 6°C 
this being achieved by incorporating an additional hot plate 
into the system which brought the liquid up to the required 
bulk temperature before measurements were taken. 

DISCUSSlOX 

Firstly it was noted for all of the systems examined that 
changes in liquid concentration affected the intensity of sound 
emitted by the system but that the frequency spectra was not 
influenced. 

For the ethanol-water mixtures an increase in con- 
centration from zero to 10 mol y0 resulted in a steady decrease 
in the sound intensity. As described previously, both the 


